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^ Abstract 
> 

The bondage number 6(G) of a nonempty graph G is the cardinality 
of a smallest set of edges whose removal from G results in a graph with 
domination number greater than the domination number of G. Here we 
^ study the bondage number of some grid-like graphs. In this sense, we ob- 

CN tain some bounds or exact values of the bondage number of some Cartesian 

product, strong product or direct product of two paths. 

> 
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1 Introduction 

Let G = {V, E) be a connected undirected graph with vertex set V and edge 
set E. Given two vertices -u, f G V, the notation u v means that u and v are 
adjacent. The neighborhood of a vertex f G V in G is the set Ng{v) = {m G 
V : u ^ v}. For a set X C V, the open neighborhood Ng{X) is defined to be 
[Jv^x ^g{'v) and the closed neighborhood Ng[X] = Ng{X) UX. 
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The degree dciy) of a vertex v is the number of edges incident to f , dciy) = 
\Nq{v) I . The minimum and maximum degrees among all vertices of G are denoted 
by S{G) and A(G), respectively. The distance dciu^v) = d{u,v) between two 
vertices u and f in a connected graph G is the length of a shortest {u — v) path 
in G. 

A set D C \/ is a dominating set of G if Nq[D] = V. The domination number 
of G, denoted 7(^)5 is the minimum cardinality of a dominating set in G. Any 
dominating set of cardinality 7(6*) is called a 7-set. 

The bondage number b{G) of a nonempty graph G with E' 7^ is the mini- 
mum cardinality among all sets of edges E' C E for which 7(6* — E') > 7(6*). 
The domination number of every spanning subgraph of a nonempty graph G is 
at least as great as 7(G), hence the bondage number of a nonempty graph is well 
defined. Bondage number was introduced by Fink et al. [3] in 1990. However, 
the early research on the bondage number can be found in Bauer et al. [1]. In 
[H |3] was shown that every tree has bondage number equal to 1 or 2. Hartnell 
and Rail [S] proved that for the cartesian product Gn = K^OKn, n > 1, we have 
b{Gn) = I A. Teschner [IH[l2l|13] also studied the bondage number; for instance, 
in [12] he showed that b{G) < |A(G) holds for any graph G satisfying 7(G) < 3. 
Moreover, the bondage number of planar graphs was described in [21 HJ |8]. Carl- 
son and Develin [2] showed that the corona G = H oKi satisfies b{G) = 5{H) + 1. 
In [5] Kang et al. proved for discrete torus CnOC^ that 6(C„nC4) = 4 for any 
n > 4. Also, some relationships between the connectivity and the bondage num- 
ber of graphs were studied in [TO] . 

In this paper we consider the bondage number of some products of two paths. 
For unexplained terms and symbols see [7]. 

2 Bondage number of P^DP^ 

Let G and H be two graphs with the sets of vertices Vi = {vi,V2, ■ ■ ■ ,Vn} and 
V2 = {ui,U2, ■ . . ,Um}, respectively. The Cartesian product of G and H is the 
graph Gnu formed by the vertices V = {{vi,Uj) : l<i<n, l<j< m} 
and two vertices {vi, Uj) and {vk,ui) are adjacent in G\I\H if and only if (fj = Vk 
and Uj ~ ui) or (t>j ~ Vk and Uj = ui). The following lemmas will be useful into 
obtaining some values of the bondage number of some graphs. 
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Lemma 1 [5] // m and v are a pair of adjacent vertices of a graph G, then 
b{G) < d{u) + d{v) - 1 - \N{u) n N{v)\. 



Lemma 2 [I], [0] and v are two vertices of a graph G such that d{u,v) < 2, 
then 

b{G) < d{u) + d{v) - 1. 



In this section we will study the bondage number of the Cartesian product 
of two paths of order at least two. We begin by the following corollary which is 
consequence of Lemma |2} 

Corollary 3 For any grid graph PrdPg, 

1 < biPrOPs) < 4. 

At next we improve the above bound for some particular cases or we obtain 
the exact value of the bondage number for some other particular cases. 

Theorem 4 If G is a grid P20Pk, where k>2, then 

• b{P2\^Pk) =2 if either k = 3 or {k > 4 and k is even); 

• b{P2DPk) = 1 if k > 5, where k is odd; 

• b{P2UP2) = 3. 
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Figure 1: Grid PsDPfc 

Proof. Let u and v be the vertices of the path P2 and let us denote by Ui, 
Vi with 1 < i < k, the vertices of the grid graph P2\^Pki where i represents the 

■th 



copy of P2 (see Figure hj) in P2\^Pk- By Lemma ^ we have that b{P2\^Pk) < 



d{vi) + d{ui) -1 = 3. Also, in [7j it was proved that 7(P2nPfc) = L^J> k>l. 
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Hence, we consider the following cases: 



Case 1. For A; = 2 we have P2nP2 = C4 and b{P2DP2) = 3. 

Case 2. li k — 3, then ^{P2nPs) — 2. It is easy to verify that for every edge 
e e E{P2DP3) we have -f{P20P3 - e) = 2, but 7(P2nP3 - {viUi,UiU2}) = 3. 
Hence, ^(PznPs) = 2. 

We can observe that for k > 4, P2\I\Pk — {u2Us,V2V3} is disconnected graph 
H with two components P2DP2 and P2n-Pfe-2- Then 'y{H) — 7(P2nP2) + 
7(P2nPfc_2) = 2 + [|J. Moreover, 7(P2nPfc) = 1 + L|J> so we have that 
6(P2nPfe) < 2 for A; > 4. 

Case 3. For k > 4, where k is even, we have two subcases. By the symmetry of 

P2nPfc it is enough to consider removing one edge from the set {wi^i, ^2^2, ■ ■ ■ , UkVk , 

22 

UiU2,U2Us, . . . ,UkUk.A. 

2 2 ~ 

Subcase 3.1 lik = 2 (mod 4), then the set Di = {ui, Ms, -Ug . . . , Uk-i,V3, vj, . . . , ffc-3, Vk} 
is a minimum dominating set of the grid P2nPA;. First we study the graph 
PsDPfc - {u,v,}, where l<i<[^\. Ui is even, then Di is a minimum domina- 
ting set of P2\I\Pk — {uiVi}. When i is odd number, we have that P2nPfc — {-Ujf j} ~ 
P2nPfc - {uk-i+iVk-i+i} and again Di dominates P2nPfe - {uk-i+iVk-i+i}. Next, 
we consider the graph P2nPfc — {wiMi+i}, where 1 < i < [|J . If {ui, Mj+i} HDi = 
0, then Di forms a minimum dominating set of P2nPA; — {uiUi+i}; otherwise 
P2nPfe — {uiUi+i} ~ P2nPfe — {vk-i+iVk-i} and Di is a minimum dominating 
set of P2nPfe — {vk^i+iVk-i}- Summing up, by the symmetry, for every edge 
e e E{P2DPk), 7(^2nPfe) = 7(^2nPifc - {e}), so b{P2DPk) > 1. On the other 
hand, 6(P2nPfe) < 2, what implies 6(P2nPjfc) = 2. 

Subcase 3.2. If A; = (mod 4), then the set D2 — {ui, u^, . . . , Uk-3, v^, v-^, . . . , Vjk-i, Uk} 
is a minimum dominating set of the grid P2nPfe. Similarly as in Subcase 3.1. we 
can show that 6(P2nPjfc) = 2. 

Case 4- For A; > 5, where k is odd, we consider the graph P2nPjfc — {uiVi}. 
By the fact that k is odd, we obtain that k — 2n + 1 for an integer n, what 
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implies that 



k + 2 



n + l. 



Because Ui and Vi are end vertices in P2\^Pk — {uiVi}^ we have that U2 and 
V2 belong to a 7— set of P2^Pk — {uiVi}. Therefore, '^{P2^Pk — {^I'^i}) = 
-f{P2UPk-z) + 2 = n + 2, what leads to h{P2UPk) = 1. ■ 



Theorem 5 If G is a grid P^\3Pk, where k >3, then 

1 < biPsDPk) < 2. 

Moreover, ^(PgnPa) = 2. 
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Figure 2: Grid P^UPk 

Proof. Let m, v and w be the vertices of the path P3 and let us denote 
by Mj, Vi, for 1 < i < k the set of vertices of the grid P-^DPk, where i 
represents the i*'^ copy of the path P3 (see Figure [2]) in P^OPk. By Lemma [2| 
b^PsDPk) < d{wi) + d{ui) — 1 = 3. We show that for two certain edges ei, 62, 
7(P3nPfc) < 7(P3nPfc — {ei, 62}) what implies required inequality. Let us remove 
W1W2 and viWi. In [7j it was proved that 

3A; + 4 
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A; > 1. 



(1) 



Let us denote 7(P3nPj) by 7^. According to (jlj), 7^-1 = ["^^^J- Therefore, 
7a,._i = 7fc for Sfc + 1 = (mod 4); otherwise 7fc_i = 7/,. — 1. Consistently, we 
obtain 7 (P3nPfc — {wi 1^2, fiu^i}) > 7(P3nPfc) + l for 3A; + 1 = (mod 4) (we need 
7fc_i = 7fc vertices to dominate the grid P^\3Pk-i and every minimum dominating 
set of P3nPfc — {wiW2,ViWi} contains the isolated vertex wi). 



In the second case, when 7^-1 = 7^ — 1, by the contrary we suppose that 
7(P3nPfc - {wiW2,viWi}) = '^{PsDPk). For the graph P2nPfc - {wiW2,viWi} we 
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construct minimum dominating set D' . Obviously we can choose D' such that 
{wi, f2, M2, W4, M5} C D' . According to Q there are three possibihties: 

1. If 3A; + 1 = 3 (mod 4), then 7^-2 = Ik-i] 

2. li?>k + 1 = 2 (mod 4), then 7^-2 = 7fc-i - 1 and 7^.3 = 7^-2; 

3. If 3A; + 1 = 1 (mod 4) and /c > 4, then 7^-2 = 7fc-i - 1, 7fc-3 = lk~2 - 1 
and 7fc_4 = 7fc-3; 

In the first case we consider a subgraph Gi = P3\I\Pk-2 of G, with set of 
vertices {ui,Vi,Wi, 3 < i < k}. We can see that {D' — {wi,U2,V2}) U {u^} is a 
minimum dominating set of Gi. Hence, 7^-2 = 7(^*1) = \D'\ — 2 = 7^ — 2 = 
7fc_i — 1 = 7fc_2 — 1, which leads to a contradiction. 

In the second case we study a subgraph G2 = PsDPfc-s of G, with vertex set 
{ui, Vi, Wi, 4 < 2 < k}. Hence, the set D' — {wi,U2, V2} is a minimum dominating 
set of G2, what implies that •jk-s = 7(^*2) = \D'\ — 3 = 7^ — 3 = 7^-1 — 2 = 
7a,._2 — 1 = 7fe-3 — 1, a contradiction. 

The third case can be considered similarly and the remaining case for k = 
4 is easy to verify (6(P3nP4) = 2). Finally, we obtain a contradiction with 

7(P2nPfc - {WiW2,ViWi}) = l{P2UPk). 

Summing up, we indicate two edges W1W2 and viWi which removing from the 
grid PsDPfc leads to increasing its domination number. ■ 

Theorem 6 If G is a grid P^^Pk, where k > 2, then 

1 < &(P4nPfc) < 3. 

h t2 ta ^4 tk-l tk 
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Figure 3: Grid P4nPfc 
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Proof. If 2 < A; < 3, then it is easy to verify that biPiOPk) < 2. Let k > 4. 
Let {t,w,v,u} be the set of vertices of P4 and let us denote by tj, Wi, Vi, Ui for 
1 < i < k the set of vertices of the grid Pi\3Pk, where i represents the i*^ copy 
of P4 (see Figure [3]) in P^UPk. In [7] was proved that 

A: + l for A; = 1,2,3,5,6,9 
k otherwise. 



liP^UPk 



Now we show that for certain edges ei, 62, 63 it is satisfied that 7(P4nPfc) < 
7(P4nPfc — {61,62,63}). Let us remove the edges 61 = tiWi, 62 = wiVi and 
63 = ViUi. Now, let D' be a minimum dominating set of G" = G — {61,62,63}. 
Since ti, Wi, fi, Ui are end vertices in G", we have that t2,W2,V2,U2 G D'. 

Let us remove from G' the edges ^3^4, W3W4, f3f4, M3M4. So, we obtain a graph 
G" which has two components A and B, such that A has the form of the graph 
in Figure |4] and B = P4DPk-3. 

f f f 



Figure 4: Component A 

Since = {t2, W2, V2, U2} UD", where D" is a minimum dominating set of B, 
we have 7(6") = 7(A) + l{B). Then for A; > 4 we obtain 



=4 + |P)"| =4 + 
Therefore, 7(6") > 7(G). 



A; -2 for A; = 5, 6, 9 
A; — 3 otherwise. 



A; + 2 for A; = 5, 6, 9 
A; + 1 otherwise. 



Now, by proceeding similarly to the proof of the previous Theorem, we obtain 
the following result. 

Theorem 7 If G = PsDPfe, then 1 < b{G) < 3. 

Proof. The proof is similar to the proof of the previous proposition. We use 
the fact that the domination number of P^OPk is known [7]: 



^6M6 J for A; = 2, 3, 5 
[^^J otherwise. 
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Let {t,w,v,u,x} be the set of vertices of the path P5 and let us denote by 
ti, Wi, Vi, Ui, Xi for 1 < i < k the set of vertices of the grid PsDPfc, where i 
represents the i^^ copy of the path P5 in the grid PsDPfc. 

If 2 < A; < 3, then it is easy to verify that biP^DPk) < 2. If A; = 4, then 
7(G') = 6. So, if we remove three edges: ei = tit2, 62 = hwi and 63 = wiVi, 
then 7(6* — {61,62,63}) = 7; thus b{G) < 3. If /c = 5, then 7(6*) = 7 and 
7((j — {61, 62}) = 8, where 61 = tit2, 62 = tiWi, thus 6(G') < 2. 

If A; > 6, then from [7] we know that 7(G) = [^J . 

Now, we show that for certain edges 61, 62, 63 it is satisfied that 7(P5nPfc) < 
7(P5nPfc — {61,62,63}). Let us remove the edges 61 = tiWi, 62 = viUi and 
63 = UiXi. Let D' be a minimum dominating set of G" = G — {61,62,63}. Since 
ti, Ml, Xi are end vertices in G', we have that t2,U2,X2 G D'. So, Wi,Vi must be 
dominated. Without loss of generality let W2,V2 G D'. 

Let us remove from C edges t^t^, W3W4, V3V4, U3U4, X3X4. As a result we 
obtain a graph G" which has two components A and B with analogous form with 
the proof of the above proposition, and 7(A) = 5, 7(P) = 7(P5nPfc_3). 

Hence, we consider the following cases. 



Gase 1. For A; - 3 > 6 (A; > 9) we have 7(P5nPfc_3) = 
D' = {t2,W2,V2,U2,X2} U D" , whcrc D" is a minimum dominating set of P, we 
have 



6(fc-3)+8 
5 



Since 



7(G') = 7(^) + 7(i?) = 5 + 



6k - 10 




6A; + 15 


> 


6A; + 8 






5 




5 
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+ 1 = 7(G) + 1. 



Thus, 7(G') > 7(G). 

Gase 2. For A; = 6, 7, 8 (A; - 3 < 6 and A; > 6). If A; = 7 (A; - 3 = 4), then 



k-3) 



6(A;-3) + 8 
5 

On the other side, if A; = 6, 8 (A; — 3 = 3, 5), then 

6(A;-3) + 6 



6. 



7(P5nPfc_3) 

Thus, similarly like in Case 1 

7(G')=7(^)+7(5)= <! 



7 for A; — 3 = 5 
4 for A; - 3 = 3. 

12 for A; - 3 = 5 
11 for A; - 3 = 4 
9 for A; - 3 = 3. 
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We also have that 



7(G) 



11 for A; - 3 = 5 
10 for A; - 3 = 4 
8 for A; - 3 = 3. 



Thus, 7(G') > 7(G) and we are done. 



3 Bondage number of K 

Let G and H be two graphs with the sets of vertices Vi = {vi,V2, ■ ■ ■ ,Vn} and 
V2 = {ui, U2, . ■ ■ , Um}, respectively. The strong product of G and H is the graph 
GM H formed by the vertices V = {(f j, Uj) : l<i<n, l<j< m} and two 
vertices {vi,Uj) and {vk,ui) are adjacent in G ^ H if and only if (t>j = and 
Uj ~ ui), {vi ~ Vk and Uj = ui) or {vi ~ Vk and Uj ~ ui). In this section we 
will study the bondage number of the strong product of two paths Pn and Pm of 
order at least two. We begin by giving some observations and lemmas which will 
be useful into obtaining the bondage number of P„ M Pm for n,m > 2. Some of 
these observations and lemmas were obtained in [T^ . 

We will say that a graph G without isolated vertices satisfies the property V 
if it has a dominating set of minimum cardinality S = {ui,U2, ...,Uk}, k = 7(G), 
such that N[ui] fl N[uj] = for every i,j G {l,...,k}, i 7^ j. Now, let ^ be 
the class of all graphs satisfying property V. The following observations will be 
useful into studying the bondage number of Pm Kl P„. 

Observation 1 [13] For any n > 1, Pn E 

Observation 2 [14j // 5*1 and S2 are dominating sets of minimum cardinality 
satisfying the property V in Pn and Pm, respectively, then Si x S2 is a dominating 
set of minimum cardinality in Pn Kl Pm satisfying property V in Pn^ Pm- 

Observation 3 Let {vi,V2, fn} be the set of vertices of a path Pn of order n. 
Then 

(i) If n = 3t, then there is only one dominating set S of minimum cardinality 
in Pni it satisfies property V and it is S = {f2,f5, ...,Vn-i}- 
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(ii) Ifn = 3t+l, then there is only one dominating set S of minimum cardinality 
in Pn satisfying property V and it is S = {vi,V4,Vt, f„_3, 

(iii) Ifn = 3t + 2, then there are only two dominating sets S and S' of minimum 
cardinality in Pn satisfying property V and they are S = {v2, fs, ...,Vn-3, Vn} 
and S' = {vi,V4,,V7, ...,f„_i}. 

Lemma 8 [H] For any n,m > 2, if Si and S2 are dominating sets of mini- 
mum cardinality in Pn and Pm, respectively, then Si x S2 is a dominating set of 
minimum cardinality in Pn Kl P^ ■ 

Corollary 9 [H] For any n,m>2, 



7(P„ K P„) = 7(P„)7(P„) = 




Theorem 10 For any n,m > 2, 

1 < h{Pn m Pn,) < 5. 

Proof. Since n, m > 2, we have that there are always two adjacent vertices 
u,v in Pn K Pm such that d{u) = 3, d{v) < 5 and \N{u) n N{v)\ = 2. So, the 
result follows by Lemma [1} ■ 



Similarly to the case of Cartesian product, hereafter we will study the bondage 
number of P„ Kl Pm by making some cases. 

Theorem 11 If {n = 3t and m = 3r) or {n = 3t and m = 3r + 2), then 

h{Pn K Pm) = 1. 

Proof. Notice that if n = 3t and m = 3r, then by Observation |3] (i) there 
exists only one dominating set of minimum cardinality in P„ and only one domi- 
nating set of minimum cardinality in Pm and they satisfy the property V. Thus, 
there exists only one dominating set S*, of minimum cardinality in P„ M Pm'-, and 
it also satisfies the property V. So, every vertex outside of S is dominated by 
only one vertex from 5*. Therefore, by deleting any edge e of P„ Kl Pm between a 
vertex of 5* and other vertex outside of 5*, we obtain that the domination number 
of Pn Kl Pm — {e} is greater than the domination number of P„ M Pm- 

On the other hand, let Vi = M2, Wn} and V2 = {f 1, f2, fm} be the 
set of vertices of P„ and Pm, respectively. Since n = 3t, by Observation |3] (i). 
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we have that there is only one dominating set of minimum cardinahty in P„ and 
it is = {^2, M5, Mn-i}. Moreover, since m = 3r + 2 we have that every 
dominating set S2 of minimum cardinahty in satisfies either 

• vi e S2 and V2,V3 ^ ^2, 

• or V2 E S2 and f 1, f 3 ^ S2. 

So, every dominating set S of minimum cardinahty in P„ Kl Pm contains either 
the vertex {u2,Vi) (in which case, {u2,V2) is only dominated by {u2,Vi)) or the 
vertex ('U2,f2) (in which case, {u2,Vi) is only dominated by {u2,V2)) and also S 
does not contain the vertex {u2, fs), neither any vertex of type (ui, Vj) or (^3, vi), 
with j,l G {1, ...,m}. Thus, if we delete the edge e' = {u2,vi){u2,V2) we obtain 
that any dominating set of minimum cardinality in P„ Kl P^ is not a dominating 
set in PnMPm- {e'}. Therefore, 7(P„ M P^ - {e'}) > 7(Pn ^ Pm)- ■ 

Theorem 12 If n = 3t and m = 3r + 1, t/ien 

6(P„ K P^) = 2. 

Proof. Let Vi = {ui, U2, •••,««.} and V2 = {fi, V2, fm} be the set of vertices 
of Pn and Pm, respectively. If n = 3t, then by Observation |3](i) we have that there 
is only one dominating set 5*1 of minimum cardinality in P„, it satisfies property 
V and it is 5*1 = {^2, U5, Un-i}- Also, every dominating set of minimum 
cardinality in P^ contains either the vertex vi or the vertex V2- 

Thus, in P„ Kl Pm, we have that for every dominating set S of minimum 
cardinality it is satisfied either {u2,vi) G S* or ('U2,f2) G S. Notice that no vertex 
of type {ui,Vj) or {u3,vi) is contained in S, with j,l G {1, ...,m}. Now, since the 
vertex ('Ui,t>i) is only dominated by the vertices {u2,Vi) or {u2,V2) by deleting 
the edges {u2,vi){ui,vi) and {u2,V2){ui,vi) we have that 

7(P„ ^Pm- {{U2, Vi){Ui, Vi), {U2, V2){ui, Vi)}) > ^{Pn K Pm) ■ 
Thus, h{Pn K Pm) < 2. 

On the other hand, since tt, = 3t we have that every vertex belonging to 
any dominating set S of minimum cardinality in P„ Kl Pm has the form {ui,Vj) 
where Ui G 5*1 and Si is the only dominating set of minimum cardinality in P„. 
Hence, S is formed by t subsets A/, / G {2, 5, n — 4, n — 1}, such that Ai is a 
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dominating set of minimum cardinality in the suitable copy of Pm in Pn Pm] 
and Ai dominates all the vertices of P„ x v;, v^+i} in the graph P„ Kl P^. 

Notice that the vertices of P„ x {vi^i,vi,vi+i} are only dominated by such a set 
Ai and also, every dominating set of minimum cardinality in P^ dominates the 
vertices of P„ x {vi-i,vi,vi+i}. 

Since m — 3r + 1 we have that 7(-Pm) — l{Pm-i) + 1- So, if we delete any 
edge e of Pm and P is a dominating set of minimum cardinality in P^, then we 
can obtain another dominating set B' of minimum cardinality in — {e} such 
that \B'\ = \B\. 

Now, let {ui,Vj) G S. Thus, {ui,Vj) G Ai for some / G {2, 5, n — 4, n — 1}, Ai 
is a dominating set of minimum cardinality in the suitable copy of Pm in P„ KIP^; 
and Ai dominates all the vertices of P„ x {ui_i,Ui,Ui-^i} in the graph P„ Kl Pm- 
So, if we delete any edge incident to {ui,Vj), then there exists another set A'l such 
that it is a dominating set of minimum cardinality in Pm and = As 
a consequence, A'l dominates all the vertices of P„ x m^, and the set 

S' = S — Ai + A[ is also a dominating set of minimum cardinality in P„ IE Pm 
with 15*1 = \S'\. Therefore, 6(P„ IE Pm) > 2 and the result follows. ■ 

The following simply observation will be useful into proving the next Theorem. 

Observation 4 Let us denote by {1*1,^2, ■ ■ ■ , Ust+i} o^i^d {vi, ■ ■ ■ , the 
sets of vertices of the paths Pn — Pst+i and Pm — P3r+2, respectively. For every 
vertex Ui {1 < i < St + 1) there is a ^y-set Dn in Pn which contains ui and for 
every vertex vj (1 < j < 3r + 2), where j ^ {mod 3), there is a ^y-set Dm in 
Pm such that Vj G Dm- Moreover, one of each two consecutive vertices Vi, I'j+i; 
where i = 1 {mod 3), belongs to Dm- 

Theorem 13 If n = 3t + 1 and m = 3r + 2, then 

b{Pn K Pm) = 3. 



Proof. Let {u,v) be a vertex of degree three in P„ Kl Pm and let ei, 62, 63 
denote edges incident with {u,v)- We remove edges Ci, 62, 63 from P„ Kl P^- 
Hence, every dominating set of minimum cardinality in P„ IE P^ — {61,62,63} 
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contains the vertex {u,v). Thus, 



7(P„ ^Pm- {ei, 62, eg}) > 7(^n ^ (^m - {v})) + 1 

= 7(P3t+l K Psr+l) + 1 

= (t + l)(r + l) + l. 

On the other hand, by Corollary [ojwe have that 7(P„ Kl P^) = (t + l)(r + 1). 
So, we obtain that b{Pn Kl P^) < 3. 

On the other side, we show that removing any two edges does not change the 
domination number. Let us denote by {ui,U2, ■ ■ ■ , Wst+i} and {vi,V2, ■ ■ ■ , V3r+2} 
the sets of vertices of the paths P„ = Pgt+i and P^ = P3r+2, respectively and let 
Hk = {vk}, where 1 < k < m {Hk ~ Pn)- We denote C = {{ui,Vj), 1 < 

i < 3t + 1, 1 < J < 3r + 2, j ^ 0{mod3)}. From Observation |4| for every 
vertex in C there is a 7-set in P„ Kl P^ containing this vertex. Now, we remove 
two edges ei and 62- Obviously it is enough to consider the cases that ei = ab 
and 62 = xy have at least one end-vertex in C (without loss of generality, let 
a G C and x G C). Let us denote by Dm, Dn and D 7-sets in Pm, Pn and 
Pn Kl Prn — {61,62}, respectively. We use the notation a = b = (M*,t>^), 

X = {u^,v^), y = The set D'^ = {ui,U4, . . .m„_3,-u„} is one of 7-sets of 

P„. Let us denote v"" = Vk for 1 < k < m and f ^ = for 1 < / < m. Without 
loss of generality, we can assume that < d{vi,v^) (it means k < I). In 

the following cases we show that 7(P„ KIP^ — {61, 62}) = \D\ = 7(P„ KlPm) which 
implies that 6(P„ K P„) > 3. 

Case 1. If 6, ?/ G — C, then m > 5. We have the following subcases. 

Subcase 1.1. If / = 2 {mod 3), then we denote a common neighbor of a and b 
in C by 6 = {u^, v^) G C, where v'^ = v"" = Vk- We can construct Dm such that Vk 
and fi+2 belong to Dm- We choose Dn satisfying u'' G Dn- Thus D = Dn x 

Subcase 1.2. If / = 1 {mod 3), then we have the following subcases. 

Subcase 1.2.1. If k ^ I, then we denote a common neighbor of a and 6 in C by 
c = (u^, f ^) G C, where f ^ = f " = Vk, and we denote by 2; = {u^, v^) G C, where 

= = Vi, a common neighbor of x and y in C. We can construct such that 
v'^ and belong to Dm- We choose Z)^ and Z^^ satisfying that u'^ G -D^ and G 
Thus, = (/^; X An) - {D'^ X {t;^}) U (D^ x {t;^}) - (Z^; x {v^}) U (Z^^ x {v^}). 

Subcase 1.2.2. li k = I, then we choose Dm such that Vk-2 ^ Z^m- Hence 
D = D'^x Dm- 

Case 2. If 6 G C and y G V — C, then we denote a common neighbor of a 
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and 6 by c = {u'^, v'^) G C and hy z = {u^, v^) G C a common neighbor of x and 
y, where = = vi. So, we have the following subcases. 

Subcase 2.1. If / = 2 {mod 3), then we construct Dm such that u'^,t';+2 ^ 
and Dn that G -Dn (by Observation |4]). Finally, D = Dn x Dm- 

Subcase 2.2. If / = 1 {mod 3), then we construct Dm such that v'^^v^ G Dm- 
We choose and D'^ such that m'' G and G -D^. Thus D = x Dm) - 
(D; X {v^}) U X {t;^}) - (D; X {t;^}) U {D^^ x {t;^}). 

Case 5. If 6 G — C and y E C, then by symmetry it is similar to Case 2. 

Case 4- li b,y E C, then the vertex v"" either lies on a path Pm between v^p 
and f3(p+i) for some integer p, 1 < p < r or G {vi,V2,Vm-i,Vm}- In the first 
case we can choose Dm such that fsp-i, Vk and f3(p+i)+i belong to Dm, otherwise 
ffe, f 3 G -Dm or t>fc, tirn-s ^ -Dm- Let A;' be such that k ^ k' and 3p < k' < 3{p + 1). 
So, we consider the next subcases. 

Subcase 4-i- If E{Pm) and 7^ f^, then we denote by c G C a 
common neighbor of a and b, and also x and y have common neighbor 2; G C 
Similarly like in Subcase 1.2.1 we construct D containing c and 2;. 

Subcase 4-2. If = or t>''t>^' G E{Pm), then we consider the following cases. 

Subcase 4-2.1. If ei and 62 are adjacent, then we denote hy w = {u^,v^) G C 
a common neighbor a, b, x and ?/ and we construct D such that w G -D in the 
following way: we choose D^ and D^ such that G -D^ and v"^ G -DJ^. Then 
we take D = D^^ x D^. 

Subcase 4-^-3- If ei and 62 are not adjacent, then let A = {u°',u^,u^,uy} C 
V{Pn)- We consider the following cases: 

Subcase 4-^-3- i- If u"" = = Ui and = = Uj, then we consider the 
following items, 

• if z = 1 and j = 2 {i = n — 1, j = n), then we choose D„ such that 
M2,M3 e -D„ (u„_2,M„_i G -D„) and D = D^x Dm- 

• if 2 = 1 and j > 3 {j = n, i < n — 2), then we choose D^ such that 
U2,Uj-i G -D„ (ui+i,M„_i G Dn) and D = Dn x Dm- 

• if i > 1 and j < n, then there exists Dn such that Mj+i} fl -D„| = 1 
and |{-Uj_i, Mj+i} n D„| = 1 (in particular t>j+i G Dn for j = i + 2) and 

D = DnX Dm- 

Subcase 4-2-2-2 If u"" = u'^ = Ui and 7^ m^, then let us say = Uj and 
= Uj+i. Now, if a, b, x and ?/ have a common neighbor w E C we construct 
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D such that w G C similarly as in Subcase Else, we choose such a set Dn 

containing a neighbor of u"". So, we construct D' = Dn x and; if x G -D' 
(or y G D'), then we exchange it with {u^,Vk') (for y with ('U^,ffc/)). After these 
modifications we obtain D from D'. 

Subcase 4.2.2.3 If u"" ^ v!' and = u^, then it is similar to Subcase 4-2.2.2. 

Subcase 4-2.2.4 If u"- ^ %^ and ^ u^, then we consider three subcases: 

• |y4| = 2 and A = If mi G A (m„ G A) we can construct such 
that Mi,U3 G Dn {un-2,Un G -D„). Elsc, Mi_i,Uj+2 ^ -Dn- Thus, we take 

D = DnX Dm. 

• |y4| = 3 and A = {ui, Wj+i, Ui^2}- So, we choose such that Ui, G Dn 
for i < n — 3 and = D'n for i = n — 3. We construct D' = Dn x Dm and; 
if X G -D', then we exchange it with {u^,Vk'). We do the same for a, b and 
y. After these modifications we obtain D from D'. 

• If I A I = 4, then we denote vertices x and y such that = Uj and = Wj+i. 
Then we choose Dn which contains We construct D' = Dn x Dm and; 
if a G D', then we exchange it with {u"',Vk'). We do the same for x and y. 
After these modifications we obtain D from D' . 



Observation 5 Let G be a graph. If there are t disjoint dominating sets of 
minimum cardinality in G, then b{G) > ["1] . 

Theorem 14 If n = 3t + 2 and m = 3r + 2, then b{Pn M Pm) = 2. 

Proof. Since n = 3t + 2 and m = 3r + 2, by Observation [3] (iii) there are 
two disjoint dominating sets of minimum cardinality in each path P„ and Pm- 
Thus, there are four disjoint dominating sets of minimum cardinality in Pn^Pm- 
Hence, by Observation |5] we have that &(P„ Kl Pm) > 2. 

On the other hand, since n = 3t + 2 and m = 3r + 2, by Corollary |9] we have 
that 7(P„ ^ Pm) = [t + ^){'r + 1). Hence, any dominating set S of minimum 
cardinality in P„ Kl Pm leads to a vertex partition H = {Ai, A2, A^t+i){r+i)} of 
the graph P^KIP^ with lAjflS'l = 1, for every i G {1, (t+l)(r + l)}. Moreover, 
there exist two vertices Mj,-Ui+i in P„, two vertices Vj,Vj+i in Pm (See Figure Isl) 
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and a set Ai e U such that Ai = {{ui,Vj), {ui,Vj+i), {ui+i,Vj), {ui+i,Vj+i)}, only- 
one of the vertices of the set Ai belongs to S and such a vertex also dominates the 
rest of vertices in Ai, which are not dominated by any other vertex in S. Thus, 
by deleting the edges e = {ui,Vj){ui+i,Vj^i) and / = {ui+i,Vj){ui,Vj+i), we have 
that the set S is not a dominating set of P„ Kl Pm — {e, /}. 




Figure 5: The vertices {{ui,Vj), {ui,Vj+i), {ui+i,Vj), {ui+i,Vj+i)}. 



Let us suppose there exists a set S' with \ S'\ = \S\, such that S' is a dominating 
set in Pn Kl Pm — {e, /}. Let {xi, X2} be the set of vertices of the path P2 and let 
H be the graph obtained from the graphs P„ Kl P2 and P2 Kl P^, by identifying 
the vertices {ui,xi), {ui,X2), {ui+i,xi) and (Mj+i,X2) of P„KIP2 with the vertices 
{xi,Vj), {xi,Vj+i), {x2,Vj) and {x2,Vj+i) of P2 Kl P^, respectively (See Figure [6]). 
Notice that -f{H) = t + r + l. 

Since n = 3t + 2 and m = 3r + 2, we have 

7(P„ K P^) = 7(Pn-2 K P™-2) + 7(^) =tr + t + r + l. 
Hence, as 7(if — {e, /}) = t + r + 2 we obtain that 

7(P„ K P^ - {e, /}) = 7(Pn-2 K P,n-2) + 7(^^ " {e, /}) 
= tr + t + r + 2 
>tr + t + r + l 
= 7(PnKPm), 
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Figure 6: The graph H. 



which is a contradiction. Hence, there is no such a dominating set S' with \S\ = 
\S'\ such that S' dominates P„ Kl — {e, /}. Therefore, the result follows. ■ 

Finally, for the case n = 3t + l and m = 3r + l, by Observation [5] and Theorem 



To] we obtain the following bounds for the bondage number of Pn Kl P„ 
Theorem 15 If n = 3t + 1 and m = 3r + 1, then 

2 < h{Pn K P™) < 5. 

Nevertheless we strongly think that in this case 6(P„ Kl P^) = 5. 



4 Bondage number of Pn x 

Let G and H be graphs with the sets of vertices Vi = {vi,V2, ■ ■ ■ ,fn} and V2 = 
{ui, U2, ■ ■ ■ , Um}, respectively. The direct product of G and H is the graph G x H 
formed by the vertices V = {{vi,Uj) : l<i<n, l<j< m} and two vertices 
{vi,Uj) and {vk,ui) are adjacent in G x if if and only if Vi ~ Vk and Uj ^ ui. In 
this section we will study the bondage number of the direct product of two paths 
of order at least two. 
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Notice that any direct product of two paths contains at least two vertices 
at distance two having degree at most equal to two. So, Lemma [2] leads to 
b{Pn X P™) < 2. 



Theorem 16 For any paths Pn and Pm, 

(i) Ifn<3orm< 3, then h{Pn x P^) = 1. 

(ii) If n > 3 and m > 3, then b{Pn x P^) < 2. 

Proof, (i) If n < 3 or m < 3, then there exist two vertices in P„ x P^ at 
distance two such that they have degree equal to one. Thus, by Lemma |2] we 
obtain that 6(P„ x P^) = 1. 

(ii) On the contrary, if n > 3 and m > 3, then there are two vertices in 
Pn X P^ at distance two such that one of them has degree one and the other one 
has degree two. Thus, by Lemma |2] we obtain that b{Pn x P^) < 2. ■ 




Figure 7: The components Ci and C2 of Pg x P5. 



Notice that there are values of n, m > 4 such that 6(P„ x P„) = 2. The 
graph Pg X P5 is an example, which has two isomorphic connected components 
Ci and C2 (See Figure [7| where the vertices in white represents dominating sets 
of minimum cardinality in each component) having domination number equal to 
five. Thus, 7(P6 x P5) = 10. Notice that by deleting any edge e from Ci or C2 
we can obtain a dominating set of cardinality five in Ci — e or C2 — e. Therefore, 
we have that b{PQ x P5) = 2. 
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